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Phase field modeling is a powerful tool for simulations of the microstructure evolutions. Its
applications to practical alloy systems, however, have been limited mostly due to difficulties in
relating the energy functional to the thermodynamic properties of the systems and mobilities
to kinetic properties of the alloy elements involved. A phase field modeling tool, PanROME
(Research Of Microstructure Evolution), has been developed that offers capabilities to overcome
these difficulties. It can use the thermodynamic and kinetic databases that are built based on
the CALPHAD approach, thus making it suitable for simulations in multicomponent and
multiphase systems. This phase field model integrates Kim-Kim-Suzuki (KKS) model which
allows simulations in a practical length scale while maintaining a reasonable interfacial energy
with a multiphase model that is applicable to multiphase systems. Several applications of the
PanROME modeling tool to Ni-base superalloys are demonstrated in the present article.

Keywords CALPHAD, computational studies, diffusion, micro-
structure, Ni-base superalloys, phase field modeling,
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1. Introduction

The phase field method has advanced rapidly in recent
years due to its power and flexibility in revealing the
governing mechanisms of various phase transformations
and in simulating complex systems with multiple mecha-
nisms involved. It treats the interface between two different
phase states as a diffused, gradient region, which remark-
ably simplifies numerical treatment since it is not necessary
to track the interface position, and can thus be easily applied
to complicated pattern evolutions. Moreover, it conveniently
incorporates various driving forces such as chemical, stress,
and magnetic contributions so that it can simulate a
wide range of phenomena such as alloy solidification,[1-3]

solid-state transformation,[4-6] grain growth,[7-10] and dislo-
cation dynamics.[11-13]

Applications of the phase field method to practical
multicomponent and multiphase systems are, however, still
quite limited. One of the major obstacles is that most
existing models lack the capability, fundamentally or
numerically, to construct the free energy functional directly
from real-phase diagrams and thermochemical data. Kim,
Kim and Suzuki (KKS) proposed a model that can be
applied to multicomponent systems and has the potential to
use the real-phase diagrams data[14-16] (‘‘real phase dia-
grams’’ means that they are not the prototype systems that
the phase field method initially used). The most attractive
advantage of the KKS model is much less restriction on the
interface thickness than other formulations. This advantage
makes it suitable for applications in a practical length
scale, but the original version is limited to two-phase
systems, and the computational cost is greatly increased.
The multiphase concept for phase field modeling is
rationalized by Steinbach et al.,[3,17] though the relationship
between the potential free energy and real thermodynamic
properties is not straightforward.

The current study aims to develop a phase field tool to
circumvent these difficulties by coupling the KKS model
with a multiphase model. The tool, named PanROME
(Research Of Microstructure Evolution), directly utilizes
CALPHAD-type databases to obtain the thermodynamic
and kinetic properties of arbitrary alloy systems. It
develops a free energy functional that combines the
advantages of the KKS model and a multiphase model.
A sophisticated algorithm similar to that used in phase
diagram calculations is designed to greatly improve the
computational efficiency. These efforts will expedite
the practical applications of phase field modeling to meet
the increasing demands of computational tools for com-
plicated microstructure evolutions in multicomponent and
multiphase systems.
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2. Model Formulation

2.1 Free Energy Formulation

Following Steinbach et al.,[17] we describe a system with
n + 1 components and m phases by a set of n conserved
variables, X = (X1, X2, …, Xk, …, Xn), and m non-
conserved variables, / = (/1, /2, …, /i, …, /m). The
molar volume of the system Vm is assumed to be constant.
Xk represents the concentration (mole fraction) of compo-
nent k, with (n + 1)th component being the solvent whose
concentration is not independent

Xnþ1 ¼ 1�
Xn

k¼1
Xk ðEq 1Þ

/i represents phase state i. It takes a non-zero value only
at a single-phase region of phase i, where /i = 1, and at a
diffused interface between phase i and other phases across
the system with a gradual change from 1 to 0.

The free energy functional F of the system can be written as

F ¼
Z

f X ;/ð Þ þ f grad
� �

dV ðEq 2Þ

where f (X, /) is the local free energy density which consists
of two contributions

f X ;/ð Þ ¼ g X ;/ð Þ
Vm

þ f /ð Þ ðEq 3Þ

where g(X, /) is the molar Gibbs free energy and f(/) is the
free energy penalty originated from the coexistence of
different phases. g(X, /) is constructed using the KKS
model[14-16] and can be defined as

g X ;/ð Þ ¼
Xm

i¼1
h /ið Þgi X i

� �
ðEq 4Þ

h(/i) is an arbitrary function which guarantees a change
from hð0Þ ¼ 0 to hð1Þ ¼ 1: To facilitate programming we
define

h /ið Þ ¼ /i; i ¼ 1; . . . ;m ðEq 5Þ

gi(X i) in Eq 4 is the molar Gibbs free energy of phase i.
X i = (X1

i, X2
i, …, Xk

i, …, Xn
i) represents concentration in

phase i. It is obtained by constraints of mixture rule as
well as equal chemical potential condition

Xk ¼
Xm

i¼1
h /ið ÞX i

k k ¼ 1; 2; . . . ; n ðEq 6Þ

@g1

@X 1
k

¼ @g2

@X 2
k

¼ � � � ¼ @gi

@X i
k

¼ � � � ¼ @gm

@Xm
k

� ~lk k ¼ 1;2; . . . ;n

ðEq 7Þ

f (/) in Eq 3 is defined as

f ð/Þ ¼
Xm

i¼1

Xm

j> i

xij/
2
i /

2
j ðEq 8Þ

where xij is the energy barrier between phases i and j.

The gradient energy term f grad in Eq 2 is dependent
explicitly only on phase variables /[17]

f grad ¼
Xm

i¼1

Xm

j> i

εij

2
/jr/i � /ir/j

� �2 ðEq 9Þ

where εij is the gradient coefficient between phases i and j.

2.2 Governing Equations

The time evolution of the conserved variables is governed
by the generalized diffusion equation stating the mass conser-
vation condition, usually called Cahn-Hilliard equation[18]

@Xk

@t
¼ V 2

mr � eMkl

Xn

l¼1
rdF

dXl
ðEq 10Þ

Based on Eq 2-7 it can be rewritten as (for detailed
derivation of dF

dXl
please see Ref 16)

@Xk

@t
¼ Vmr � eMkl

Xn

l¼1
r~ll ðEq 11Þ

with ~ll being defined in Eq 7. eMkl is the chemical mobility
which can be related to the atomic mobilities Bp as (when
molar volume is constant)[19]

eMkl ¼
1

Vm

Xn

p¼1
dkp � Xk

� �
dlp � Xl

� �
XpBp ðEq 12Þ

we further assume that Bp follows rule of mixture

Bp ¼
Xm

i¼1
h /ið ÞBi

p p ¼ 1; 2; . . . ; n ðEq 13Þ

where Bi
p is the atomic mobility of component p in the

structure of phase i.
The temporal evolution of non-conserved variables is

governed by[20,21]

@/i

@t
¼ �Li

dF
d/i

i ¼ 1; 2; . . . ;m ðEq 14Þ

where Li is a positive parameter characterizing interface
mobility. From Eq 4, 8-9 the variance of free energy with
respect to /i can be obtained as[14-17]

dF
d/i

¼ 1

Vm
gi X i
� �

�
Xm

j¼1;j 6¼i
gj X j
� �

þ
Xn

k¼1
X i
k � X j

k

� �
~lk

" #( )

þ 2/i

Xm

j¼1;j6¼i
xij /2

j � /i/j

� �

�
Xm

j¼1;j6¼i
εij /jr2/i � /ir2/j

� �
ðEq 15Þ

2.3 Coupling with CALPHAD Databases and Physical
Parameters

The model is able to utilize thermodynamic and kinetic
databases that are established by means of the CALPHAD
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technique.[22] Thermodynamic databases provide the Gibbs
free energy of individual phases (gi(Xi) in Eq 4) while
kinetic databases provide atomic mobilities of components
in various phases[23,24] (Bi

p in Eq 13).
The interfacial energy, rij, between phases i and j is

related to model parameters[15]

rij ¼
εij

ffiffiffiffiffiffi
xij
p

3
ffiffiffi
2
p ðEq 16Þ

with εij and xij being defined in Eq 9 and 8, respectively.
The kinetic parameter Li in Eq 14 is related to different

physical parameters depending on the microstructural
features the phase field model describes. For example, in
alloy solidifications it is related to interface velocity, the
latent heat of fusion, the melting temperature as well as the
interface thickness.[1] In diffusion-controlled solid-state
phase transformations, the interface kinetics is controlled
by the Stefan condition which is automatically implemented
in Eq 11. Li, therefore, has no effect as long as it has a
sufficiently large value.

3. Numerical Simulation Examples

In this section, several examples in Ni-based superalloys
are used to demonstrate the feasibility of the new modeling
tool. A CALPHAD database developed in our company,
PanNi7,[25] has been used for obtaining thermodynamic and
kinetic properties.

3.1 c + c¢ Diffusion Couple in Ni-Al-Pt System

Recently the c + c¢ bond coat for gas turbine blade has
attracted much attention due to its chemical compatibility
with the substrate.[26] Addition of Pt to the bond coat
reduces the chemical activity of Al, leading to uphill
diffusion of Al from the substrate to the bond coat, and thus

increasing the oxidation resistance of the bond coat.[27]

Quantitative investigation of the interdiffusion microstruc-
ture between the bond coat and substrate is essential to
evaluate the lifetime and durability of the bond coat, as well
as the property changes of the substrate. For this purpose a
series of simulations on the c + c¢/c + c¢ diffusion couples
in Ni-Al-Pt system have been carried out.

Figure 1 shows a simulation running in a 2D spatial
system with 20489256 grid points. The left half is a c¢ + c
bond coat which has a high amount of Pt with c¢ as the
matrix phase. The right half is the c + c¢ substrate which is
initially free from Pt with c as the matrix phase. As a first
approximation the stress effect originated from lattice misfit
between c and c¢ is ignored. The interfacial energy is set to
be 0.0114 J/m2 based on a length scale of 0.3 lm per grid
width, which is within the range of the generally acceptable
interfacial energy values between c and c¢. The microstruc-
tures are plotted using the Al concentration, with darker
shade indicating a higher Al content.

Several significant microstructure changes have been
revealed in Fig. 1. Dissolution of the precipitates, c in the
bond coat and c¢ in the substrate, appears at the vicinity of
the original boundary (Matano plane), leading to two single-
phase layers, c¢ on the bond coat side and c on the substrate
side. The interface between these two layers migrates
toward the substrate during the annealing process. Mean-
while, undulation of the interface at an early stage when
long-range diffusion is dominant, as shown in Fig. 1(b),
decays afterwards when diffusion decreases and capillarity
effect plays a more important role on interface curvature, as
shown in Fig. 1(c). The newly formed c layer has a lighter
shade than the c matrix in the substrate, indicating a
depletion of Al. These microstructure changes are consistent
with the experimental observations.[27] The detailed analy-
ses and quantitative comparisons with experimental data are
beyond the scope of this paper and will be published
separately.

Fig. 1 Simulation of the interdiffusion microstructure evolutions in a Ni-Al-Pt c¢ + c/c + c¢ diffusion couple under isothermal anneal-
ing at 1200 �C. The initial average composition of the left half (bond coat) is 22 at.% Al, 30 at.% Pt, and 48 at.% Ni with c¢ being the
matrix phase (dark background). The initial average composition of the right half (substrate) is 19 at.% Al and 81 at.% Ni with c being
the matrix phase (gray background). System size is 20489256 grid points. The white vertical line in the middle is the original interface
(Matano plane)
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Since accurate interfacial energy value from experiments
is often unavailable except for a few systems, determination
of the interfacial energy in simulations is usually through
calibration of the simulated results with corresponding
experimental observations such as temporal changes of
precipitate sizes. In reality the interfacial energy values
between different phases can span a wide range, sometimes
even a few orders of magnitude. It is thus important to
evaluate the flexibility of the model on the choice of the
interfacial energy. The examples shown in Fig. 2 serve this
purpose. They start with an identical microstructure as that
shown in Fig. 1(a). The interfacial energy employed in
Fig. 2(c) is 1000 times larger than that in Fig. 2(a).

It can be seen that these simulations give the same results
in terms of the position of the migrated interface, the width
of the single-phase layers and the Al depletion zone in the c
layer. The morphology of the remaining precipitates,
however, differs significantly. The coalescence and coars-
ening of the second-phase particles are certainly accelerated
by a larger interfacial energy, leading to obviously larger,
more isotropic shapes as shown in Fig. 2(c). Precipitates
with somewhat elongated shapes can be seen in the cases of
smaller interfacial energies, Fig. 2(a) and (b), at the interface
between the bond coat and the newly formed c¢ layer. This
morphology is caused by two interacting processes, the
coalescence of neighboring particles driving by reduction of
interfacial area, and the dissolution induced by long-range
diffusion.

3.2 Co-Coarsening of c¢ and b Precipitates
in Ni-Al-Cr System

An example of simultaneous coarsening of two precip-
itate phases is used to examine the feasibility of the model to
multiphase systems. The result of c¢ + b co-coarsening in
the Ni-Al-Cr system is shown in Fig. 3. Merely for the
purpose of demonstrating the feasibility without validation
against experiment data for correct interfacial energies, it

can be considered as a qualitative test even though
thermodynamic and kinetic data for the real Ni-Al-Cr
system have been used. In view of this, the real-time scale is
undefined and the reduced time s has been used. The
reduced time is defined as s ¼ BRT

l2 t where B is the unit of
atomic mobility, R is the gas constant, T is the absolute
temperature, l is the length scale, and t is the real time. The
interfacial energy ri–j between phase i and j is set as such
that

rc�b ¼ rc0�b ¼ 2rc�c0 ðEq 17Þ

The simulation indicates that both phases experience
apparent coarsening, while the coarsening rate for b appears
to be slightly higher due to its higher interfacial energy.
Different from the single-phase ripening process, the
morphology as well as coarsening rate is obviously
influenced by the surrounding precipitates of different phase
states. It is not uncommon that c¢ and b particles impinge
each other, resulting in an additional energy reduction which
replaces one c-b interface and one c-c¢ interface with one
c¢-b interface. This coupled growth or dissolution undoubt-
edly has an impact on the morphology, size and size
distribution of both precipitates. More detailed studies are in
progress and will be reported in a separate publication.

4. Discussion

The simulated results demonstrate that the model devel-
oped has achieved its design target. The model is deliber-
ately designed to couple two existing models so that we can
make fully use of the potential advantages of the phase field
method. The KKS model circumvents the direct coupling of
interfacial energy with concentration-dependent chemical
free energy so that it successfully mitigates the length scale
limit when realistic interfacial energy has to be considered.

Fig. 2 Comparison of the simulated interdiffusion microstructures varied with the chosen interfacial energies. Simulations are in a
Ni-Al-Pt c¢ + c/c + c¢ diffusion couple subjected to isothermal annealing at 1200 �C for 10 h. The initial microstructure is shown in
Fig. 1(a). The initial average composition of the left half (bond coat) is 22 at.% Al, 30 at.% Pt, and 48 at.% Ni with c¢ being the matrix
phase (dark background). The initial average composition of the right half (substrate) is 19 at.% Al and 81 at.% Ni with c being the
matrix phase (gray background). System size is 20489256 grid points. The white vertical line in the middle is the original interface
(Matano plane)
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The multiphase model naturally extends the phase field
model, traditionally a two-phase version, to multiphase
systems by simply realizing that an interface can be
distinguished spatially by two non-conserved field variables.
A combination of these two models allows sound treatments
of complicated microstructure evolutions in multicompo-
nent and multiphase systems in a practical (mesoscopic)
length scale.

Another advantage of the newly developed model is its
direct use of CALPHAD databases for important thermo-
dynamic and kinetic inputs. Since so far CALPHAD
databases are still the most reliable and comprehensive
sources for thermodynamic and kinetic data in practical
alloy systems, the model can be readily applied to a variety
of industrially important alloys. Meanwhile, least effort is
needed to extend the existing model to various processing
conditions such as solidification and non-isothermal heat
treatments since CALPHAD databases store data that are
temperature and composition dependent.

The complexity of the model, especially the part origi-
nated from the KKS model, makes it a big challenge with
regard to computational affordability. To overcome this
difficulty a special algorithm is designed to efficiently solve
the KKS model, more specifically Eq 6 and 7. Meanwhile,
separating the numerical treatment of the KKS model in the
interface region and in the single-phase region also substan-
tially saves the computational time. The current algorithm
enables us to perform the simulation examples shown in the
previous section using a personal computer with a single
core CPU. More complex microstructure and 3D simulations
increase the computational time substantially and parallel
algorithms have been seeking to meet this demand.

5. Conclusion

A phase field model is developed which allows for
efficient description of microstructure evolutions in

multicomponent and multiphase systems and it can also
treat stoichiometric phases as long as at least one phase is
solution phase. It directly utilizes CALPHAD databases for
accurate thermodynamic and kinetic parameters. Simula-
tions at a practical (mesoscopic) length scale have been
achieved at a tolerable computational cost. Feasibility for
practical applications has been demonstrated with examples.
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